Applied Physics 1

Chapter: Physical World, Units and Measurements
Dimensional Analysis Set 4: Broad Numerical Problems with Solutions

For Engineering Students (Long Answer, Exam Oriented)

Method used in every derivation: (1) assume the quantity is a product of powers of the variables
it depends on, with a dimensionless constant k; (2) write the dimensions of each variable in terms of
M, L, T; (3) equate the powers of M, L and T on both sides; (4) solve the equations and write the
formula. The value of k must be found by experiment.

Basic dimensions: mass [M], length [L], time [T], temperature [0], electric current [A], amount of
substance [mol].

A. Dimensional Formulae from Definitions

Q1. Find the dimensional formulae of impulse, power, pressure, torque, angular
momentum, surface tension, coefficient of viscosity, moment of inertia and gravitational
potential from their definitions.

Quantity Definition Working Result
Impulse J=Fxt M LT 2] IMLT Y
Power P=W/t IML2T721/[T] ML2 T3]
Pressure P=F/A IMLT?]1/[L%] IMLIT2
Torque T=rxF [LIM LT ?] IML%2T?
Angular momentum L=rxp [LI[M LT_l] [M L2 T_l]
Surface tension S=F/I IMLT2]/[L] M T 2]
Coefficient of n=F/ (A dv/dx) IMLT 21/ (L2 1) ML T
viscosity

Moment of inertia l=mr? [M][Lz] [M L2]
Gravitational V=W/m M L2T™2]/[M] L2t 2
potential

Note: for viscosity, the velocity gradient dv/dx = [L T/ =0T

Q2. Using the heat equations, find the dimensional formulae of specific heat, latent heat,
thermal conductivity, coefficient of linear expansion and the universal gas constant.
(Take temperature as [0].)

Quantity Equation used Working Result

Specific heat s Q=msA® M L2 7721/ (IM][6]) 212074

Latent heat L Q=mL M L2T?]/[M] IL2t2

Thermal conductivity |Q=KAA6t/d M L? T72][L] / ([L1[81[T]) IMLT 3071

K

Linear expansion a Al = ol AB [L]/([LI[e]) [9_1]

Gas constant R PV=nRA® M L™ 77211131/ (Imoll[6]) IML2T 2 mol™t ™!
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B. Systems of Units and Conversion

Q3. A new system of units has length 2 m, mass 4 kg and time 5 s as its units. Find the
numerical values of 1 newton, 1 joule, 1 watt and 1 pascal in this system.

Use n,=n, [M1/M2]a [Ll/L2]b [T1/'I'2]c with Ml/M2 = 1/4, L1/L2 =1/2, Tl/'l'2 = 1/5.
Force [MLT7?]: n, = (1/4)* (1/2)* (1/5)7% = 0.25 x 0.5 x 25 = 3.125.
Energy [M L? T72]: n = (1/4)(1/2)? (1/5)7% = 0.25 x 0.25 x 25 = 1.5625.
Power [M L? T3]: n, = (1/4)(1/2)% (1/5)7> = 0.25 x 0.25 x 125 = 7.8125.
Pressure [M L™! T%1: n_ = (1/4)(1/2)7" (1/5)7% = 0.25 x 2 x 25 = 12.5.
Answer: 1 N =3.125, 1) =1.5625, 1 W = 7.8125 and 1 Pa = 12.5 units of the new system.
Q4. The gravitational constant is G = 6.67 x 10" N m? kg'z. Find its value in a system
whose units are 1 km, 1 tonne (1000 kg) and 1 hour.
Step 1: [G]=[M ' L3T %], soa=-1,b=3,c=-2.
Step 2: M/M, = 1kg /1000 kg = 1073 L /L, = 1m /1000 m = 107> T,/T, = 15/ 3600 s.
Step 3: n, = 6.67 x 107" x (107371 x (1073)3 x (1/3600) 72 = 6.67 x 10! x 10° x 1072 x
1.296 x 10".
Step 4: 10% x 1077 x 1.296 x 107 = 12.96, so n, = 6.67 x 10™ " x 12.96 = 8.65 x 107 .
Answer: G = 8.65 X 10_10 in the (km, tonne, hour) system.
Q5. In a system, force F, velocity v and time T are taken as fundamental quantities.
Express the dimensions of length, mass, energy, power and density in terms of F, vand T.
Length: [L] = [V][T] = [v T].
Mass: fromF=mawitha=v/T, [M] = [F]/[al = [FIT]/Ivl=[Fv ! TL
Energy:E=F x L=[F][vTl=[FvT]
Power: P=E/T=[FvT]/[T]=[FvV].
Density: p=M/L3 =[Fv iTI/ VT 1 =[Fv*T72.
Answer: [L] = [vT], [M] = [Fv ' TL, [El = [Fv Tl [Pl = [F V], [p] = [Fv *T72].

C. Checking the Correctness of Equations

Q6. Check the dimensional correctness of the following equations and correct the wrong
ones.

Equation LHS RHS Result
FAt=m (v —u) IMLT2TI=[ML |[[MIILT Y1=[MLT Y Correct
™Y

P=pgh IMLIT7? IMLT3LT 2L =ML T72) Correct

“,mvi=magh ML2T 2] IMIIL T™?I[L] = [M L2 T2 Correct

v="~fA LT T =Lt Correct

E=hv ML2T 2 IMLPT T =[ML2T 2 Correct

v=u’+2at [L2 T_Z] [L2 T_2] and [L T_Z][T] =[L T_l] Wrong; correct form is
vo=u’+2as

F=mv/r [M LT_2] IMIILT Y/l =[MT Y Wrong; correct form is
F=mv2/r

Q7. A travelling wave is y = A sin(w t — k s), where y and s are in metre and t in second.
Find the dimensions of A, w, k and of the wave speed w / k.

The arguments w t and k s of the sine must be dimensionless.

www.polynoteshub.co.in



https://www.polynoteshub.co.in

[wtl=1,50 [w]=[T . [ksl=1,s0[kl=[L""]. [A] = [y] = [L].
[w/k]=[T"%1/IL7Y = [L T, the dimension of velocity.
Answer: [A] = [L], [w] = [T~%], [k] = [L™!], and w / k has the dimensions of speed.
Q8. Show that the Reynolds number Re = p v D / n and the Froude number Fr = v/ (g D)

are dimensionless. Find Re for water with p = 1000 kg/m3, v=2m/s,D=0.05mandn=1
-3
x 10 ~ Pas.

Reynolds number: [pv D] = [ML LT Ll =ML T and [n] =ML T7!], so Re is
dimensionless.

Froude number: [v2] = [L2 T_2] and [gD] =[L T_Z][L] = [L2 T_Z], so Fr is dimensionless.
Numerical value: Re = 1000 x 2 x 0.05 /(1 x 1073) =100/103 =1 x 10°.

Answer: Both are dimensionless and Re = 1 x 10°.

Q9. A quantity is X = g, L AV / At, where £, is the permittivity of free space, L a length, AV

a potential difference and At a time interval. Find the quantity that has the same
dimensions as X.

Step 1: [e,] = [M™' L™ T* A?] (from Coulomb's law).
Step 2: AV = work / charge = [ML2 T 2] /[AT]=[M L2 T3 A7)
Step 3: [X] = M P L3 T4 A2)ILIIM L2 T3 A1 /[T = (MO LO TE ALY/ [T] = [ALL

Answer: X has the dimensions of electric current.

D. Derivation of Formulae Using Dimensions

Q10. The frequency f of oscillation of a liquid drop depends on its density p, radius r and
surface tension S. Derive the expression for f.

Step 1: Assume f = k p? r® SC.
Step 2: [T™1] = [M L3P [LIP [M T721¢ = [M3*¢ L732+b 172¢],
Step 3: Mass: a + c = 0. Length: —3a + b =0. Time: —2c = —-1,soc = 1/2.
Step 4:a = -1/2and b = 3a = -3/2.
Answer: f =k V(S/ (p r3)) (Rayleigh's formula).
Q11. The time period T of a satellite depends on the orbital radius r, the mass M of the
planet and the gravitational constant G. Derive the expression for T.
Step 1: Assume T = k r® MP GS, with [G] = [M~ L3 T72].
Step 2: [T] = [L]? [M]P M1 L3 T72]¢ = [MP—¢ L@F3c 1729,
Step 3: Time: —2c=1,so0c=—-1/2. Mass: b —c=0,so0b = —-1/2. Length: a + 3c =0, so a = 3/2.
Answer: T =k \/(r3 / (G M)). Experiment gives k = 2, which is Kepler's third law.
Q12. The volume of liquid flowing per second through a narrow tube depends on the
pressure gradient P/I, the viscosity n and the radius r. Derive the formula.
Step 1: Assume V/t = k (P/1)? n° r°. Dimensions: [V/t] = [L3 T, [P/l = [ML™2T72], [n] = [M L~}
T4
Step 2: [L3 T_l] — [Ma+b L—2a—b+c T—2a—b]_
Step 3: Mass: a + b = 0. Time: —2a — b = —1. Substituting b = —a gives —a=—-1,soa=1andb
=-1.
Step 4: Length: —2(1) — (-1) + c=3,so0c = 4.
Answer: V/t = kP r#/ (n ). Experiment gives k = /8 (Poiseuille's formula).

Q13. Derive the speed of sound in a gas in terms of the pressure P and density p.
Step 1: Assumev =k P2 o [LT 3} = ML T722 M L3P = [mM@+P | a-3b 7=23,
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Step 2: Time: —2a = —1,so0a = 1/2. Mass: a + b = 0, so b = —1/2. Length check: —1/2 + 3/2 =1,
which matches.

Answer: v = kV(P / p) (Newton's formula; Laplace's correction replaces k by vy).
Q14. The drag force F on a body moving through air depends on the air density p, the
cross-sectional area A and the speed v. Derive the expression.
Step 1: Assume F = k p? AP V€. [IMLT72] = [M L3 [L2]P [L T™1]€ = [M@ L3a+2b+c 7€,
Step 2: Mass:a=1.Time: —c=—-2,s0c=2.Length: =3 +2b+2=1,s0b=1.
Answer: F=kpA vZ. In practice k = % Cd' where Cd is the drag coefficient.
Q15. The radius R of the shock wave from an explosion depends on the energy E released,

the air density p and the time t after the explosion. Derive R and estimate it for E = 4.0 x
103}, p = 1.2 kg/m® and t = 0.025 s (take k = 1).

Step 1: Assume R = k E? pP t. [L] = [M L? T72]2 [M L™3]P [T]¢ = [M@+P | 22a-3b 1-2a+q)
Step 2: Mass: b = —a. Length: 2a + 3a=1,so0a =1/5and b = —-1/5. Time: c = 2a = 2/5.
Step 3: R = k (E t2/ p)1/°.

Step 4 (numerical): Et?/ p = 4.0 x 10*3 x (0.025)2/1.2 =4.0 x 10"* x 6.25 x 1074 /1.2 =
2.08 x 100,

The fifth root: log(2.08 x 10*°) = 10.318, divided by 5 = 2.064, and 10%.064 = 116.
Answer: R = k (Et%/ p)1/5; for the given data R is about 1.2 x 10° m (116 m).

E. Natural (Planck) Units from G, h and c

Q16. Using the gravitational constant G, Planck's constant h and the speed of light c,
derive expressions for a length, a time and a mass, and find their values. (G = 6.67 x
10711 s, h = 6.63 x 10734 s, c = 3 x 102 m/s; take k = 1.)

Dimensions: [G] = M~ L3 T72], [h] = IM L2 T™11, [c] = [L T™11. Assume Q = G® h® ¢“.

The product has dimensions [M~2+P | 3a+2b+d y=2a—b-d}

Length: needM: —a+b=0,L:3a+2b+d=1,T: =2a—b-d=0.Sob=a,d=-3a,and 3a +
2a —3a=2a=1.

a=1/2,b=1/2,d=-3/2,501,= V(G h/c?).

Time: needM: —a+b=0,L:3a+2b+d=0,T: -2a—b—-d=1.Sob=a,d=—-5a,and —3a +
5a =2a=1.

a=1/2,b=1/2,d=-52,s0t, = V(G h/c).

Mass: needM: —a+b=1,L:3a+2b+d=0,T: —2a — b — d = 0. Adding the L and T equations
givesa+b=0,sowithb—-a=1wegeta=-1/2andb=1/2,d=1/2.

So m, = v(h c / G).

Numerical values: Gh =6.67 x 10 1 x 6.63 x 1034 =4.42 x 10°**. 3 =27 x 102 and c® =
2.43 x 10*2. hc = 1.99 x 1072,

l, = V(4.42 x 10744/ 2.7 x 10%°) = v(1.64 x 107%%) = 4.05 x 1073 m.
t, = V(4.42 X 107%*/2.43 x 10*?) = v(1.82 x 1078%) = 1.35 x 1073 s.
m, = v(1.99 x 1072°/6.67 x 10~ ") = v(2.98 x 107'%) = 5.46 x 10~ ° kg.

Answer: IP ~4x 1073 m, tP ~1.4x107% s, m, = 5.5 x 1078 kg (with h; using h/2n changes them
by a factor of about v(2m)).
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F. Limitations of Dimensional Analysis (Numerical lllustrations)

Q17.Show thats =ut + at’is dimensionally correct but physically wrong, and that
dimensional analysis cannot derives =ut + 2 a t2.
Part 1: [s] = [L]; [ut] = [L T"}I[T] = [L]; [a t] = [L T2][T?] = [L]. All terms match, sos=ut +a
t2 passes the dimensional test.
But the correct relation is s = u t + % a t°. Dimensional analysis cannot see the factor %, so it
cannot reject the wrong equation.
PaarEbZ:ZIry s=ku?t® acd, where a_is the acceleration. [L] = [L TP TP LT 29 = [La+d
T

This gives only two equations for three unknowns: a + d =1and —a+ b — 2d = 0.
Choosingd =0givesa=1,b=1(s=kut). Choosinga=0givesd=1,b=2(s=k a. t?). Both
are valid, so the powers are not unique.
Answer: A sum of terms cannot be derived, the constants (1 and %z) are not given, and a
correct-looking equation may still be wrong.
Q18. The period of a pendulum may depend on m, |, g and the angular amplitude 90. Show
what dimensional analysis can and cannot tell us.

Step 1: Assume T = k m? b g° f(eo), where 90 is an angle (dimensionless) and f is an unknown
function.

Step 2: The dimensions of m, land ggivea=0,b=1/2,c=-1/2,s0T=+V(l/qg) f(90) times a
constant.
Step 3: Since 90 is dimensionless, any function f(eo) is allowed, and dimensions cannot determine
it.
Answer: Dimensional analysis gives the dependence on | and g and shows that T is independent of
m, but it cannot give f(eo) or the constant 2m (f is nearly 1 for small amplitudes).
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